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Introduction

Eastern king prawns (Penaeus plebejus) mi-
grate north from estuaries along the coast of
NSW and are subject to fishing pressure during
this migration, chiefly from vessels operating
north of Newcastle, They are also subject to
fishing pressure by commercial and recreational
fishers in the estuaries before migration. The
proper management of this resource requires an
understanding of this migration, and the conse-
quences of harvesting individuals of different
sizes and ages at different stages of their migra-
tion. Is it more profitable, for instance, to har-
vest prawns in the estuary before the migration,
or catch fewer but larger prawns after they have
left the estuary?

In an attempt to come to grips with these
complex questions, we have been developing a
simple model of the migration of prawns north-
wards along the NSW coast which allows simul-
taneous input of recruits from various estuaries
through time, i.e. the recruitment in the model is
allowed to be spatially distributed and to vary
over time. Unfortunately little information is
currently available on the relative contributions
of estuaries to the overall recruitment, so ini-
tially we will be using the mode! as the basis of
a yield per recruit model where recruitment is
from a single region and at a single point in time.
This would still allow questions to be consid-
ered, such as would it be profitable or not to the
industry as a whole to close Botany Bay to
prawn trawling.
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The model is intended as a point of refer-
ence for future investigations. Currently it con-
tains some gross simplifications. We do not
have detailed information on how fishing pres-
sure at any one place varies over time, although
overall it is fairly steady through the year, so all
parameters are taken as constant. Clearly,
changes in weather conditions etc will mean that
fishing pressure will vary. As we are using tag
return data to estimate parameters, an important
source of variability in the data is therefore
being ignored. We do, however, allow fishing
mortality to vary spatially, but the distribution
of fishing mortality up and down the coast is
assumed not to change over time.

Despite their lack of realism, constant pa-
rameter deterministic models have often pro-
vided robust approximations to the processes
under study. Our model is constructed in the
same spirit in the hope that it will provide a
useful metaphor for the migration process. In
this paper we give an abbreviated account of the
model and discuss some of the inferences lead-
ing from it. A more complete discussion will be
presented in Gordon ef al. (submitted manu-
script).

Our starting point has been the work of
Glaisterer al. (1990). In a yield per recruit study
of prawns migrating across fishing grounds in
northern NSW, Glaister et al. (1990) assumed
that prawn populations in each fishing ground
were reduced by natural and fishing mortality as
well as emigration to the next fishing ground to
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the north through the action of constant instan-
taneous rates of natural and fishing mortality
and a constant instantaneous emigration rate.
This would imply an exponential decay in the
population at each fishing ground. It was further
assumed, however, that prawns moved across
each fishing ground at a constant speed until
they had passed the ground. Qur approach is
similar, in that we have assumed constant in-
stantaneous rates of mortality and emigration.
We have, however, made no separate move-
ment assumption but have instead simply as-
sumed that prawns emigrating from one fishing
ground enter the next ground to the north. We
have thus removed a possible logical inconsist-
ency between the two movement assumptions.
The immigration from one ground is matched
with the emigration from the previous ground.
The separate exponential decay models, one for
each ground, thus have become a coupled sys-
tem.

This type of model is known as a
compartmental model (Anderson 1983). The
NSW coast is divided into zones (or compart-
ments). We have taken these to have constant
latitudinal width. For each zone three param-
eters determine the dynamics of the system,
namely the instantaneous rates of natural mor-
tality, fishing mortality, and emigration to the
next zone. Recruitment over time may be to any
zone or distributed across several zones. The
restriction to zones of constant width allows a
hypothesis of a steady northward movement to
be translated into one of a single instantaneous
emigration rate for each zone. The simplifying
assumption of a single instantancous natural
mortality rate, the same for each zone, also
enables a restriction in the number of param-
eters. A further drastic reduction in the number
of parameters is obtained by assuming the in-
stantaneous fishing mortalities are known for
each zone, up to a constant multiplier. This
assumption is a useful starting point and it
greatly reduces the number of parameters that
have to be dealt with. For any assumed instamta-
neous rate of natural mortality there are now
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only two parameters, a single instantaneous rate
of emigration from each zone and another pa-
rameter, essentially a catchability parameter,
whichis a multiplier of an assumed set of fishing
efforts or instantaneous fishing mortalities for
each zone.

The model

We first consider the model without the
simplifications which reduce the number of
parameters. For the sake of reducing the number
of equations we have to write down we shall
take the number of zones to be four, but the
mathematics is the same for any number of
zones. The actual number of zones used de-
pends on the width assumed for each zone and
the stretch of coast to be covered. Prawns are
assumed to be sufficiently well dispersed in a
zone for the instantaneous rate of departure to
the next zone to be proportional to the number in
the zone. For this to be approximately true the
zones have to be small. On the other hand, for
the model to be computationally manageable
and for there to be a reasonable correspondence
between zones and fishing grounds, the number
of zones should not be too large.

Note that the interpretation of the instanta-
neous emigration rate can only be made in terms
of a particular arrangement of zones. The width
of a zone is in effect a hidden parameter of the
system which governs the degree to which
prawns disperse as they migrate. This aspect of
the model has not yet been investigated. Our
arrangement of zones has been made on purely
pragmatic grounds, and there is no claim that it
is an optimal arrangement. We have taken 21
zones for the coast from Jervis Bay on the south
coast to the Queensland border, of 20 nautical
miles width, the 22nd zone being Queensland.

Suppose the number of prawns at time ¢ in
the i" zone is X;(t), so that the population of
prawns at time [ is described by the vector
X(1), where X'(f)=(x;(2),x,(2),.....).
Suppose the instantaneous rate of emigration
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from zone i to zone {+1 is /1 and the
mstantaneous mortalny inzone i is Iul . where
M, = [1, u , the natural and fishing
mortality rates respectively. Write
K, = A, + [1,. Theninasmall time interval 6t
the number of prawns moving to the (i + )™
zone is A,x, (1)6t and the number dying is

(t)3t Hence the behaviour of the system
is descnbed by a system of coupled first order
linear differential equations.
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where /'Li >0, k; >0, equations (1) may be
written.

LU = Ax
dt
The notation has been chosen to coincide

with that of Gordon er al. (1970), in which a

similar catenary compartmental model was used

in another context. The usual parameters F and

M for instantaneous fishing and natural mortal-

ity have not been used as they would be confus-

ing in a matrix context, in which capital letters
are customarily reserved for matrices. The Greek
letter A (lambda) is widely used for a rate
parameter, while £ (mu)is commonly used for

a mortality parameter in many contexts. The

two types of mortality occurring are distin-

guished by a superscript.

146

If the initial state of the system is given by
x(0), the solution of the system is

x(1) = ™ x(0).

In the case of a single release of N tagged
prawns at time ¢ = 0 from zone 1,
x'(0)= (N,O,OA...) ,and X(¢) is Ntimes the
first column of €

The matrix e is known as the exponen-
tial of the matrix As (Braun 1983). It may be
expanded in a series form in the same way as the
familiar exponential function

=1+ At + —Z%Az’z P L LA

The matrix exponential exists for any matrix
A, and any { and satisfies the equation

oM = ot o

for any scalars ¢, s , and so generalises an
important property of the familiar exponential
function. This multiplicative property can be
used to discretize the system. Suppose time is
measured in multiples of a time unit A¢. Then
measuring time in weeks, ie. taking Af =1
week,
x(1) = e* x(0) = x(0),

X(2) = A x(0) = et et x(0), etc.
Writing P = ¢,

x(1) = P x(0),

x(2) = Px(1) =P? x(0),

x(3) = P x(2) = P*x(1) = P* x(0) ,

so stepping through time amounts to repeated
multiplication by the system matrix P, giving
the state vector X in successive weeks.

Catches

The catchrate at time f in each zone depends on
the number of prawns vulnerable to fishing in
the zone, and the mstantaneous rate of fishing
mortality in the zone, ;1 ). Catches thus de-
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pend directly on the solution X(#) of the above
system.

Let y(7) be the cumulative catch vector at
time ¢, ie.

y'(1) = (yl(z) Yo (t),...n.)

where y (1) is the cumulative catch at time £ in
the l zZone.

Then

dy, = u,? x, , for zone 1,

dr

dy, = 1, x, , for zone 2, etc.

dt

Let M 2)pe a matrix whose 7" " diagonal
term is u, and whose off-diagonal terms are
all zero, M@= = diag (u?) .

The equations determining the catches may
then be written
(2)

dy - pm . (2)
dt

By astraight forward integration it is found
that

v =MD a7 (A _ 1 x0),

and that the catch taken in the time interval

(k,k+1)is

yike 1) —y(ky = M 471 (A
=B x(k) say,

where B = MDA (eA -1).

This is a direct generalization of the famil-
iar Baranov catch equation. In the usual nota-
tion, with instantaneous fishing mortality F and
total instantaneous attrition rate Z (which may
include loss by emigration as well as rate mor-
tality), the cumulative catch y(¢) attime # from
an initial population N at time 0 is

0 =EN (1 - e,

=1 x(k)

Population Dynamics for Fisheries Management

Thus the matrix M® is the analogue of F,
x(0)is the analogue of N, the matrix —A™" is
the analogue of the reciprocal 1 , while the
matrix exponential e is the analogue of the
term ¢ 27 .

As t tends t0 oo , cumulative catch in the
familiar (one zone) case tends to N In the
matrix case, it can be shown that the matrix
exponential term vanishes, and

y(£) & -MPA x(0) .

Cumulative numbers dying of natural causes
in each zone can be found simply by chan ing
the type of mortalit )y ie. by replacing M
diag (U?) by M diag (U7) in (2), whlle
cumulative numbers leavmg the zones can be
found by replacing Mt by A= diag (A).
Limiting expressions similar to the one given
above also hold.

Solution of equations

Explicit expressions for the solutions e x(0)
and for A~! can be found (see Gordon et al.
1970). It turns out, however, that on a computer,
the matrix exponential can be calculated easily
from the series

3
P=e"=I+A+AZ+5— + ooy
2t 3
and the catches can be found from the expansion
_1 A A
Alt(et=1) = 1+2‘+ 3'+

at the same time. With a time period of 1 week,
and double precision arithmetic, we have ob-
tained results for the parameter ranges we en-
counter, accurate to better than single precision
arithmetic. The number of terms needed de-
pends on the parameter values and the accuracy
desired.

Estimation of parameters

The system of differential equations we have
used is linear, but the solutions as functions of
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the parameters are non-linear. Suppose after
reparameterizing the system as discussed above,
the parameter vector is @ and the catch ob-
tained fromzone j in week i asafunctionof @
is f;;(0). Suppose in atagging experiment the
numéer of prawns caught in zone j during
week / is x,. Then a least squares estimate of o
is found by minimizing

in(x’j "fu ( 0) )2

over admissible @. We have used tags returned
within 60 weeks of release recaptured in NSW
(a few retums from Queensland have been ig-
nored). Data from the closure period after tags
were released in the release zone were also
excluded, except to adjust for tags removed in
the closure period.

Yield per recruit extension of the
model

For reasons of space, only a brief summary of
how the model can be extended to a yield per
recruit model can be given. Given N prawns
released in a given zone, and parameter vec-
tor 8, the catches in each zone for each subse-
quent week can be calculated. Using published
age-length and length-weight relationships
(Glaister et al. 1987), assuming a given age (or
length) at release, weights of catches can be
calculated. Thisis done by integrating the weight-
age relationships numerically (Simpson’s rule)
to find the average weight of a prawn by zone
and time (age), and then multiplying by the
numbers caught predicted by the model,
again for all zones and time periods (weeks).
The assumed age-length relationships
were W = 0.0004L°'"*° for males, and
W = 0.0006L2°*8 for females, where W is
weight in grams and L length in mm. The von
Bertalanffy parameters used were Lw =45.44
mm for males and 59.53 mm for females, with
K =0.0595 week! for males and 0.0483 week!
for females. The sexes were assumed to be in
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equal proportions. All prawns are vulnerable to
capture after migration, so size selectivity does
not have to be introduced. The size of a prawn
when recruited to the ocean fishery, determines
the parameter /. Instantaneous natural mortal-
ity of 0.06 week’' was assumed for untagged
prawns. Management questions can be resolved
by comparing the yield of catches in estuaries
with the expected yields from the ocean model,
over a range of recruit sizes, assuming the estu-
ary catch is foregone.

Results

Boat registrations at each port (Figure 1) have
been used to provide initial instantaneous fish-
ing mortality estimates at each zone, scaled to
correspond to a value of 0.0451 week'! for 55
boats, the best estimate available in the litera-
ture (Glaister ef al. 1990). Using the restricted
parameterization two parameters have been es-
timated for a range of assumed natural mortality
rates, namely a common A and a common
multiplier g for the instantaneous fishing mor-
tality estimate. The value ¢ = 1 corresponds to
an instantaneous fishing mortality of 0.00082
week' per boat in each zone, (ie 0.0451 week!
for 55 boats). Actual and predicted tag returns
from the model for a single tag release are
shown in Tables 1 and 2 respectively. The fit of
the model is shown in Table 3 for various
assumed natural mortality rates. The number of
prawns predicted to be caught was close to the
number of tags returned when instantaneous
natural mortality was 0.1 (Table 4). The param-
eter estimates for this value of #"were
A =0.30585 week ' and § = 0.88827. However
this assumed natural mortality includes tag loss,
which in a recent 12 week study in Botany Bay
was estimated to be 0.033 week'!. The differ-
ence, 0.067 week!, is consistent with the value
of 0.062 week™' for instantaneous natural mor-
tality estimated by Glaister et al. (1990).

Preliminary results of yield perrecruit analy-
ses have suggested that growth of recruits from
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Botany Bay to the ocean fishery during their
migration does not compensate for the mortality
they experience during the migration. Using the
size distribution of catches in Botany Bay (aver-
age size 21 mm), and converting to a weight
distribution, the average weight of 1000 prawns
caught in Botany Bay is 5.43 kg. If 1000 prawns
of size 25 mm are recruited to the ocean fishery,
the total yield given by the model is only 3.70
kg. Consideration of economic yield per recruit
reinforces this conclusion, as king prawns from
Botany Bay, though small, fetch relatively high
prices because of market freshness. For estuar-
ies farther north, with shorter migrations and
lower prices, conclusions could well be differ-
ent.

Discussion

The model has provided a way of comparing
different tag releases, and assessing the relative
influence of tag returns from different zones.
Fits need to be improved, so there is a need for
better data, particularly fishing effort data as it
varies over time at a good level of spatial reso-
lution, and a corresponding need to extend the
maodel to incorporate this information. This can
be done within the framework of the current
mode! by allowing time-varying parameters to
be piecewise constant. Estimates of recruitment
by estuary are also needed for a proper under-
standing of the fishery. Nevertheless, even with
effort data by zone that probably was only a
rough approximation to the number of boats
actually fishing, and a restricted
parameterization, the results indicate that the
model has been able to capture successfully the
broad features of the migration process.

Note that many of the results quoted do not
make use of the particular form of the matrix A,
so the approach adopted potentially extends to
other migration problems or other arrangements
of zones with different connectivities (eg. off-
shore / onshore divisions as well).
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The development of a model in which the
emigration rate has an interpretation independ-
ent of the zonal arrangement would be desir-
able. This could be a diffusion type model, using
partial differential equations rather than ordi-
nary differential equations, and finite element
techniques. It is planned to extend the model to
include estuaries and factors affecting prawn
production of estuaries. In the meantime it is
hoped that the compartmental model we have
adopted provides a useful generalization of an
old fishery model.
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Table 1. Tag Returns (a single release of 2587 prawns near Newcastle, December 1991).
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Note: 1 Prawn was ciaugh| in week 53, zone 16.
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Table 2. Predicted Tag Returns (assuming u = 0.1 and fitting over 60 weeks),

Zone
Weeks 7 8 9 10 11 12 13 14 15 16 | 17 18 19 | 20 |21

1 44 1 0 0

2 92, 041010

3 102 08|04 0

4 95 1 1 06 01 {0

5 81| 11109020

6 65| 1.1 | 1.1] 030 0

7 51| 1 121 04| 0 0 0

8 39(09|12] 050 0 0 0

9 121290812 057 0.1 0 0 0
10 08| 22|06 1.1} 06| 0.1 010 0 0
11 0516051 06 | 0.1 01/01]0 0
12 03| 1.1 04 ;08| 05 02 02011010 0
13 02| 08| 03| 07| 05] 02 0202|02]|0 0
14 01{06| 02| 06| 04/ 0.1 020202010
15 0 041 02| 05| 04 0.1 03103(03]02]0
16 0 03(01(04] 03] 0.1 03103103 ]02(0 0
17 0 02101 03] 03] 0.1 0310304030110
18 0 010 03} 021 0.1 0304040301 1|0
19 0 0 0 02, 0210 03,04 )04|04]0210 0
20 0 0 0 02] 020 0304|0504 |02]0 0
21 0 0 017 0110 0370405040210 0 0
22 0 0 0 010 02|/ 04;05{05]03 |0 0 0
23 0 0 0 0 0 02 03| 05;05|03 |0 0 0
24 0 0 0 0 0 02030505030 0 0
25 0 0 0 0 02103,05)05]03 ;0 0 0
26 0 0 0 021 03[04]05]03 10 0 0
27 0 0 0 0102040570310 0 0
28 0 0 0 01020405030 0 0
29 0 0 0 4] 0210404 {0310 0 0
30 0 0 0 0203]04|03 |0 0 0
31 0 0 01/ 03;0403{0 10 0
32 0 0103]03|03(0 0 0
33 0 01 02]03[031[0 0 0
34 0 0 02,0302 1|0 0 0
35 0 0 0202|102 1|0 0 0
36 0 0 0102|0210 0 0
37 0 0 01102020 0 0
38 0 0 01102102 1|0 0 0
39 0 0 0 01]01 1|0 0 0
40 0 0 0 0110110 0 0

Note: 0 indicates a value> (.01 but <0.1. Blank indicates a value <0.01. Weeks greater than 40 are omitted.

Population Dynamics for Fisheries Management

151




Table 3. Ordinary sum of squares fits: "’ assumed, A and ¢ estimated.

Run un A SE(A) q SE(g) Cor(A,q) Res Res Sum Total
# Mean Sq Sq Sum Sq
1 002 0.150 0.006 0353 0.018 0.112 0.816 726.224 1063
2 0.04 0.192 0.007 0.528 0.023 0.141 0.723 643.216 1063
3 0.06 0.227 0.009 0.669 0.027 0.128 0.674 600.088 1063
4 008 0260 0011 0784 0.030 0.100 0.651 579.175 1063
5 0.1 0306 0014 0.888 0.033 0.077 0.636 566.035 1063
6 0.12 0371 0016 0988 0.036 0.073 0.623 554.187 1063
7 0.14 0.439 0.019 1.083 0.038 0.075 0.609 541.801 1063
8 0.16 0497 0.021 1.173 0.040 0.077 0.595 529.548 1063
9 0.18 0544 0023 1.257 0.042 0.077 0.582 518.282 1063
0 0.2 0.581 0.025 1.336 0.044 0.074 0.571 508.409 1063

—

152 Australian Society for Fish Biology Proceedings




wsiwabeueyy Sauays! 10} SOUBUAQ uoHENdOY

€51

Table 4. Predicted and actual tags returned by zone (60 weeks), for different natural mortality assumptions.

Zone

Run# 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21  Total
1 2175 7437 13.02 1976 1216 4.14 0.00 10.90 1535 2156  21.23 12.99 2.36 1.48 1.16 232.22
2 1448 76.47 12.57 1797 1051 346 000 9.11 1335 2000 2144 14.62 3.07 2.25 2,10 221.40
3 9.61 7510 1179 16.10 900 284 0.00 696 9.98 14.77 15.86 11.01 240 1.87 1.87 189.16
4 622 7194 1092 1442 7.80 238 0.00 547 7.63 11.01 11.60 7.96 1.73 1.36 1.39 161.84
5 349 6746 10.10 1315 7.01 211 0.00 4.72 6.49 9.28 9.71 6.62 1.44 1.14 1.17 143.89
6 1.62 62.40 937 1225 656 198 0.00 445 6.16 8.87 9.36 6.45 1.41 112 1.17 133.15
7 0.75 5840 880 1155 621 188 0.00 426 5.92 8.58 9.13 6.34 1.39 1.11 1.17 125.49
8 038 5567 837 1097 589 178 000 4.02 5.58 8.08 8.61 5.98 1.31 1.05 1.10 118.78
9 022 5381 8.04 1047 558 167 000 374 5.15 7.43 7.87 5.44 1.19 0.94 0.98 112.53

10 0.14 5250 7.77 1002 529 157 0.00 344 4.69 6.70 7.04 4.82 1.04 0.82 0.85 106.67

Tags returned 3 111 13 1 6 2 3 1 1 141

Boats

registered 20 20 4 7 5 2 0 8 15 30 45 44 13 14 20

> for g=1*

(week™) 0.0164 00164 0.00328 0.00574 0.0041 0.00164 0.0 0.00656 0.0123 0.0246 0.0369 0.03608 0.01066 0.01148 0.0164

*Reference instantaneous fishing mortality obtained by multiplying number of boats registered by 0.00082 corressponding to an instantaneous fishing
mortality of 0.0451 for 55 boats for the Clarence River (Glaister er al. 1990) The actual instantaneous fishing mortalities used in the model are found for

each run by multiplying these values by ¢ , given together with A value in Table 3.



\ff\/\/ ? Zone2l |20
Byron Ba & 14
V. ’ | y/ 13
( Zone 18 44

| / 5

Coffs Harbour / 30

15

{Zone 14 8

B 0

/j :

5

NSW / -
4

Port Stephery 20

Newcastle /Zone 7 20

3

Sydney 5r Zone 5 4

/ 4

{ 2

o 4

Jervis Bay/JJ Zone 1 4

y No. boats
per zone

3
100 200 km

(=3
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